We study the properties of fluctuations in non-equilibrium systems focusing our attention on the cross correlations in response to external forcing. Two typical non-equilibrium systems are considered. One is a small coupled set of systems, each of which contacts a different heat bath.
I. INTRODUCTION
To elucidate the properties of fluctuations out of equilibrium is one of the most fundamental problems in statistical physics. The fluctuation-dissipation theorem and the linear response theory have been formulated near thermal equilibrium based on the time-reversal symmetry and the detailed balance [1] . Substantial progress has been made recently to extend the theory to systems far from equilibrium to obtain such as fluctuation theorem [2, 3] , Jarzynski equality [4, 5] and Hatano-Sasa equality [6] . It has been shown that the path probability for both forward and backward processes is useful to understand these relations in stochastic dissipative systems [7] .
In a stochastic system with non-conservative force, it has been shown that the linear response relation around the steady state is expressed in terms of the heat dissipation rate [8] . The relation has been measured experimentally [9, 10] . In a similar stochastic system with a non-conservative force, a formula of the diffusion constant under non-equilibrium condition has been derived [11] and tested experimentally [12] . However, these theoretical results have been derived for the response to a small change of the force which maintains the system far-from-equilibrium. In this sense, the theories are limited essentially to one degree of freedom of the relevant variable.
Since violation of the detailed balance out of equilibrium is equivalent with existence of the probability current, it is of importance to explore the properties of the probability current [13] . Although fluctuation-dissipation relations and fluctuation-response relation have been studied for multi-variable systems extensively [14] [15] [16] [17] [18] [19] [20] [21] [22] , study of the probability current has been limited. In fact, among the articles cited above, the role of the probability current has been investigated explicitly only in refs. [14, 21] though it was mentioned in refs. [16, 17, 20] . For example, the Harada-Sasa relation [8] has not been extended to non-variational multi-variable systems. This is probably due to the fact that one has to consider the cross responses which are not represented by a scalar variable such as the heat dissipation rate but a tensor variable.
In the present paper, we address this problem. The formulation is similar to that in ref.
[14] but we take concrete systems to investigate statistical properties in non-equilibrium steady states. One is a response from a system subjected to a steady heat current. We consider a coupled system, each of which contacts a different heat bath in such a way that the system is subjected to a heat current. This system is represented by a set of overdamped Langevin equations with different noise intensities. The response matrix is derived around a steady state. The other is the Rayleigh oscillator which is an underdamped oscillatory system where a limit cycle oscillation is sustained by a balance of energy input and dissipation due to nonlinear friction. We shall study the response of the oscillatory stationary state to the mechanical perturbation.
Our main concern is to show explicitly how the probability current in the Fokker-Planck equation enters in violation of the linear response relation, violation of the Clausius relation and violation of the Onsager reciprocal relation by focusing our attention not only on the diagonal parts of the response matrix but also on the cross response [23] . We introduce the probability current density tensor in analogy with the stress tensor in fluid dynamics [24] .
It will be shown that this tensor (not necessarily symmetric) plays an important role in the off-diagonal part of the response function around the steady state. It is mentioned here that in ref. [21] , the probability current is related to the real stress tensor by considering colloidal suspensions under shear flow.
The present paper is organized as follows. In section II, we introduce a set of Langevin equations with two degrees of freedom. Equation for the probability current is derived, which contains the probability current density tensor. In section III, we identify the quantities in the steady state thermodynamics [25] and the violation of the Clausius relation is given explicitly in terms of the probability current. In section IV, we investigate some properties of fluctuations and response of the system with steady heat current. In section V, we describe the Rayleigh oscillator with noises and study statistical properties of the system, and in section VI we present the relations of fluctuations and response in the oscillatory system. The results obtained are summarized and discussed in section VII. In Appendix A, useful formulas in the calculation of correlation functions are derived. In Appendix B, the correction to the Clausius relation is calculated explicitly for a simplified model. In Appendix C, the relation between the violation of the Clausius relation and the previous studies is given. Any of the products of stochastic quantities are interpreted as the Stratonovich calculus throughout the present paper.
II. SYSTEM WITH THERMAL CURRENT
We consider a coupled small system, each of which contacts a heat bath with different temperatures [26] . Equations of motion are given by the following Langevin equations
where x i stands for the position of the i-th particle. The positive coefficient γ i is a friction constant and the random forces ξ i (t) are assumed to obey the Gaussian white statistics;
with k B the Boltzmann constant and T i temperature. In a variational system, the force F i is given by the gradient of a potential as
If the system is variational, that is, the system has a conservative force, and if the fluctuationdissipation relation (4) holds with T 1 = T 2 , the system satisfies the detailed balance condition. The system (1) and (2) with a harmonic potential V = (k/2)(x 1 − x 2 ) 2 with k a positive constant has been studied [27] . Here we consider more general situations. There are basically two cases. One is the system of thermal ratchets [8, 28] where eqs. (1) and (2) have a finite solution of the average velocity ⟨ẋ i (t)⟩. The other is the case that this set of equations has a stable fixed point solution in the absence of the noise terms. The force may contain a nonconservative part such as ∂F i /∂x j ̸ = ∂F j /∂x i for i ̸ = j. We do not consider a limit cycle oscillation which will be investigated separately in sections V and VI. The force F i is assumed to have a time-dependent parameter a(t) so that the system executes some work by changing a(t). This is realized experimentally, e.g., by optical tweezer of colloid particles [9, 29] .
The Fokker-Planck equation corresponding to eqs. (1) and (2) is given by [30] ∂P ∂t
where β i = 1/k B T i and the probability currents are defined by [13, 31] 
We do not consider the case of cross diffusion
Note that the integral of J i is given by
where
Equation (8) indicates that the average of the probability current vanishes ⟨ν i (t)⟩ = 0 in a steady state when the set of eqs. (1) and (2) has a stable fixed point in the absence of the noise terms. However, it will be shown below that the probability current multiplied by other quantities such as J i F j plays a central role in non-equilibrium states.
The probability current J i satisfies
where the probability current tensor Π ij is introduced as
This tensor is not generally symmetric. In fact, substituting eq. (7) into eq. (11), we obtain
and
If the force satisfies the relation (5) and β i = β j , (13) is identically equal to zero. We will show in section IV that the integral of (12) and (13) over x is accessible experimentally. It is also noted that the existence of the second and third terms in eq. (10) implies that the probability current is not a conserved quantity. This is because the integral of the current is equal to ⟨ẋ i (t)⟩ as eq. (8) and the variables x i obey the dissipative dynamics. We assume that the real part of the eigenvalues of the matrix ∂ i F/∂x j is negative provided that the stationary solution of eqs. (1) and (2) without noise terms is stable.
According to the stochastic energetics [27] , the stochastic heat flowing from the i-th heat bath to the system per unit time can be represented aṡ
Therefore, the total stochastic heat flowing from the i-th heat bath to the system in the time interval [0, t] is given by
The average of this with respect to the stochastic noises gives us
In this derivation we have used the formula (A2) in Appendix A. When the system is variational as eq. (5) and a is constant, we obtain
These relations will be used in the subsequent sections.
The Shannon entropy is introduced as
so that the time-derivative of the entropy is given by
By using the current ν i defined by eq. (9), this can be written as
The first term on the right hand side is the entropy current from heat baths (17) whereas the second term is the entropy production rate of the whole system. The relation (21) has been derived for a multi-variable case [32] as well as a single variable case [27] . The expression of the entropy change (22) will be used in the sections below.
III. VIOLATION OF THE CLAUSIUS RELATION
In this section, we focus on the role of probability current in the violation of the Clausius equality in steady state thermodynamics. The main result is (45) with (48).
Now we consider the quasi-static process by changing a(t) from a i to a f during the time interval [0, τ ]. In order to make the quasi-static process explicit, we introduce
and take the limit τ → ∞ [33] . In terms of the scaled variables, the Fokker-Planck equation (6) can be written as
We expand the solution and the current in powers of 1/τ aŝ
is given explicitly bŷ
It is noted that the normalization of the distributions is defined by
The zero-th order solution is given by the stationary solution for fixed values of â
The first order solution should obey
The entropy change in this quasi-static process can be evaluated from eq. (21) as follows
where S ss (a) is defined by
Therefore, in the limit τ → ∞, the entropy change ∆S is given from eqs. (33) and (34) by
The average heat current which flows in the i-th system from the heat bath is given from eq. (17) by
The house-keeping heat should be defined by replacing the probability current by the stationary one [25, 34] ;
withĴ ssi (x;â(s)) =Ĵ (0) (x, s). It is noted here that this definition of the house-keeping heat is different from the one in refs. [6, 35, 36] . See also Appendix C. The excess heat current is a current subtracting the house-keeping heat
By expanding the current given by eq. (38) in terms of 1/τ , we obtain
1 (x, s)
In this way, the excess heat in the limit τ → ∞ is obtained as
Therefore, the excess entropy in the heat bath is given by
Comparing this with (36), we note the relation
with
Equation (46) can be manipulated for the steady state as
This can be obtained as follows;
Substituting this into eq. (46) i /∂x i = 0 for the steady state. The relation (45) indicates that the usual Clausius relation does not hold generally in non-equilibrium steady states. It is noted that the correction (48) is the same as the entropy production given by the second term on the right hand side of (22) with the average with respect to the distributionP (1) (x, s). In Appendix B, we show an example that the correction Ξ is indeed finite. To the authors' knowledge, the relation (45) with (48) has not been derived so far. The violation is represented by the steady probability current ν ssi , which appears in various formulas such as the Hatano-Sasa relation [6] and the violation of the fluctuationdissipation relation in non-equilibrium steady state [11, 14, 21] . It should be noted that Ξ given by (48) contains the quantityP (1) (x, s) which characterizes the relaxation to the steady state.
Quite recently, the condition that the extended Clausius relation holds has been obtained [37] . Since the formulation is quite different from the present one, the relation with the result (45) is not clear at present. It is also mentioned here that an extension of Jarzynski's work relation and the second law of thermodynamics has been formulated recently in a heat conducting system [38] . It has been shown that the non-equilibrium contribution to the second law is related to the violation of linear response relation for heat conduction in a weak non-equilibrium regime. We also note that a new definition of excess heat has been proposed on the basis of Minimum Entropy Production Principle recently [39] , in terms of which a Clausius inequality is satisfied in non-equilibrium stochastic systems. Another
Clausius inequality between a renormalized work and the free energy has also been obtained in a macroscopic fluctuation theory [40] .
The same procedure of the slowness expansion described above can be applied to the total entropy change in a trajectory of the stochastic dynamics, which is a sum of the system entropy and the reservoir entropy as given by eq. (C1) in Appendix C and is decomposed as [35, 36] ∆s tot = ∆s na + ∆s a .
Each term on the right hand side is given for the present stochastic dynamics (1) and (2) by
where Φ(x, t) ≡ − log P (x, t) and we have used eq. (C5) in Appendix C. As shown there, the average of the non-adiabatic part ∆s na is, at most, of the order of 1/τ whereas the average of the adiabatic part ∆s a is given by
where Ξ is given by eq. (48). Therefore, ∆s tot has a term proportional to τ as eq. (53), which comes from the housekeeping part of the entropy change of heat baths as should be.
IV. RESPONSE FUNCTION AROUND THE STEADY STATE
In this section, we study the property of the response function matrix around the nonequilibrium steady state to derive the main formula (64) in terms of the probability current tensor.
We investigate a linear response of the system with a steady heat current by adding an external force f i (t) in the Langevin equation
The linear response of a quantity A(t) is defined by as
Since both f i and ξ i are linear in eq. (54), the response function can be obtained by using the Novikov theorem (A1) as [14] 
where ⟨· · ·⟩ 0 means the average in the absence of the external force.
In particular, when we put A(t) =ẋ i (t) and t ′ = t, eq. (56) becomes
where the equal-time response is defined by
In ref. [14] , the properties of Rẋ i ,f j (t; t − 0) have been analyzed. The diagonal parts are given by
where we have used eq. (16). The heat production given by the second term indicates the violation of the fluctuation-dissipation theorem. The relation (59) is the Harada-Sasa equality which was originally derived for a Langevin system subjected to a non-conservative force with a periodic potential [8] . It is noted that the sum of the diagonal parts is given by
As a special case, when the force is given by eq. (5), we obtain from eq. (18)
It is noted that the sum of the diagonal parts (62) has an extra additive term for
The off-diagonal part for i ̸ = j is given by
Substituting eq. (1) into the second term and using the formula (A6), we obtain
where we have used the definition (11) as
In the analogy of hydrodynamics, the first term in (65) is the "reversible part of the momentum flux density tensor" whereas the second term is the "viscous stress tensor" [24] . We emphasize that the result (64) enables us to measure the integral of the probability current tensor which is a fundamental quantity out of equilibrium. It is readily shown from eq. (64) with (65) that
When the system is variational as eq. (5), this is proportional to (
and hence provides us with information of the coupling strength of the two variables x 1 and
On the other hand, when the system is non-variational, the right hand side of eq. (66) does not vanish generally even for T 1 = T 2 .
V. LIMIT CYCLE OSCILLATION UNDER NOISES
In this section, we consider a limit cycle oscillation subjected to stochastic noises. Recently the Jarzynski equality has been examined in the van der Pol and the Rayhleigh oscillators without noises [41] . The entropy production in a noisy limit cycle has also been investigated [42] . In a non-linear oscillatory system, there is a steady energy input to compensate dissipation due to friction so that an oscillation is sustained. In this sense, the system is subjected to energy current. Therefore, it is of fundamental importance to elucidate the response to the external perturbation in a non-equilibrium underdamped system undergoing a limit cycle oscillation and compare the properties of the over-damped system with steady heat current described in the preceding sections.
To be specific, we take the Rayleigh oscillator with noises governed by the following
where k > 0, µ 1 < 0 and µ 3 > 0 are constant and we have put the particle mass equal to 1.
The Fokker-Planck equation is given in terms of Γ = (x, p) by
The time-derivative of the Shannon entropy defined by
is given after some manipulations by
Here it is noted that a quantity similar to the probability current density tensor (11) is not useful in the present underdamped system. The first term in eq. (75) can be rewritten as
Therefore, eq. (75) becomes
The first term takes a form of the dissipative force g times the current ν and hence this is a generalization of the heat dissipation. The second term is a generalization of the entropy production of the total system. In the steady state,
we have dS/dt = 0 so that
Thus the entropy production is positive in the steady non-equilibrium system. It is noted that the derivation of eq. (78) is independent of the form of the dissipative force g(p). The difference of sign in the first term of (78) from that of (22) comes from the definition (70) of the dissipative force g(p).
VI. RESPONSE OF THE LIMIT CYCLE OSCILLATION
In this section, we investigate the property of the response of the nonlinear oscillator and identify the response function as eq. (90) in which the dissipation rate (77) enters and hence eq. (90) can be regarded as an extension of the Harada-Sasa equality to nonlinear oscillators.
We consider the case in the presence of an external force f (t). We may define the energy of the particle as
Its time derivative is given by
The path probability of the particle is given by
where we have used the fact that the Jacobian J in the transformation of the variable from ξ to x is unchanged by adding the force. The response function of a quantity A is given from (84) by
In particular, when A(t) = p(t), eq. (85) for t ′ = t becomes
where we have used the formula (A6). The average of the heat dissipation is given from eqs.
(82) and (86) by
When the relaxation is linear as g = γp and M = γk B T , this reduces to the result in ref.
[27]. We have, from (81) and (87), the relation for f (t) = 0
This means that ⟨Q(t)⟩ 0 = 0 in a time-independent stationary state. When A(t) = x(t), the equal-time response function is given from eq. (85) by
where each term on the right hand side of the first equality depends generally on time for a limit cycle oscillation. This also provides a sum rule for the correlation functions. Finally, if we put A(t) = g(t) in eq. (85), we have
This enables us to measure the average of the dissipation rate σ(t). In the linear underdamped case g = γp, the average of σ(t) is given from eqs. Finally we show that the limit cycle oscillator can be reduced to an "overdamped system" in terms of the phase description. For concreteness, we take the Rayleigh oscillator given by eqs. (67) and (68) but the argument given below can be applied to any limit cycle oscillations. The limit cycle solution can be written as X(ϕ(t)) = (x(ϕ(t)), p(ϕ(t))) where X(ϕ) = X(ϕ+2π) and dϕ/dt = ω 0 with ω 0 the intrinsic frequency of the limit cycle. Now we consider the periodic external force f (t) = ϵ sin(Ωt) with ϵ a constant and assume that Ω is not much different from ω 0 and the amplitude of the limit cycle relaxes sufficiently rapidly.
In this situation, the phase defined by ψ ≡ ϕ − Ωt is governed approximately after the time average over one period 2π/Ω by [43] [44] [45] dψ dt
is a 2π-periodic function and η(t) obeys Gaussian white statistics with ⟨η⟩ = 0. Equation (91) represents entrainment and phase slip of a limit cycle oscillation by a periodic force and noises [46] . If we regard ω 0 − Ω as a non-conservative force, this is a special case of the overdamped dynamics (1) and (2) and is the same form as the one studied in ref. [8] although the fluctuation-dissipation relation of second kind (4) does not hold in eq. (91).
VII. DISCUSSION
We have investigated the response to the external force in two systems, both of which are modeled by Langevin equations. One is the overdamped two-variable system with a steady heat flow. In this case, we have introduced the probability current density tensor Π ij (12) which vanishes when the system is variational with the condition (4) and there is no heat flow, and therefore plays a fundamental role in the non-equilibrium system. In fact, we have shown that the equal-time cross response around the steady state is represented in terms of the probability current density tensor as eqs. (63) and (66). The diagonal response function is given by an extension of the Harada-Sasa equality [8] . In the present theory, we have considered an external force which is additive in the set of Langevin equations. However, it is readily generalized to other systems in the presence of heat currents, where an external perturbation h i (t) enters multiplicatively to the variational potential as h i (t)(∂V /∂x i ) [16] .
In the overdamped case, we have derived the formula for violation of the Clausius relation (45) in a process of slowly changing parameter of the system, which is found to be related with the entropy production rate. The correction has been evaluated explicitly for a simple model system in Appendix B. The method has also been applied to the total entropy change for slow change of the system parameter as described in detail in Appendix C. 
It is worth mentioning that this is a generalization of the law of equipartition of energy in thermal equilibrium. In fact, if we consider a purely dissipative case as g = γp with
We have studied the overdamped dynamics and the nonlinear underdamped dynamics separately. It is remarked that these two are not totally unrelated. As shown at the end of section VI, the phase description of a nonlinear oscillator gives us an overdamped equation with a non-conserved force. Therefore a unified formulation of both systems is expected to be possible. We shall return to this problem elsewhere in the future.
In this Appendix, we derive the formulas for the correlation functions. It is convenient and most systematic to employ the Furutsu-Novikov-Donsker theorem [47] [48] [49] for the Gaussian
where ϕ{ξ} is a functional of ξ n . We apply this formula for ϕ{ξ} = A(
In this derivation, we have put
and have used the relations
where the form of eqs. (1) and (2) has been used. If we put M ij = (γ i k B T i )δ ij , we obtain from eq. (A2)
In this Appendix, we evaluate Ξ in eq. (46) . For simplicity, we put γ 1 = γ 2 = γ and β 1 = β 2 = β and consider the following set of equations [13, 50] ;
γẋ 2 (t) = −k(t)x 2 (t) − αx 1 (t) + ξ 2 (t).
When α ̸ = 0, this set of equations is not variational and there is an irreversible circulation of fluctuations [13] . We put
This is given in terms of the scaled time s ≡ t/τ bŷ
The 0-th order solution of the distribution function is given bŷ .
The steady probability currents are simply given by
It is readily shown from eq. (33) that the first order solution of the distribution function is given byP
×P ss (x;k(s)).
The distributionsP 
Substituting the currents (B7) and (B8), and the first order distribution (B9) into (B10), we obtain
We have from eqs. (C1) and (C4), [36] ∆s tot = ∆s a + ∆s na ,
where ∆s a =Θ hk (C8)
∆s na = ∆Φ +Θ ex .
The ensemble average of these entropy changes is given by
×ν ss,i (x; a(t)) J i (x, t) (C10)
Note that (C10) is different from − 
i (x, s)
Putting ( is not a directly measurable quantity since it requires the full probability distribution.
In section III, we have employed the decomposition of the entropy change ⟨Θ⟩ as ⟨Θ⟩ = ⟨Θ hk ⟩ + ⟨Θ ex ⟩ [34] , where
×J ss,i (x, a(t)) ,
Using this definition, ⟨Θ ex ⟩ is an excess heat dissipation and is measurable. The violation of the Clausius relation in quasi-static protocol is derived as (45) .
